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a b s t r a c t
In this paper, we shall further investigate the dynamical properties of general weighted
shift operators. It is proved that theweighted shift operator exhibits uniform distributional
chaos and this property is preserved under iterations. Besides, we prove that the principal
measure of the weighted shift operator is equal to 1.
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction
In [1], Fu and You studied the Li–Yorke chaotic sets generated by shift and weighted shift operators. At the end of their
discussion, they presented some open problems on scrambled sets of shift and weighted shift maps and said that it would
be interesting to further consider some general weighted shifts with the form b = wnσ (in our context, b = Bw) and their
dynamical properties. Recently, we [2] have studied Devaney chaos and distributional chaos in a class of non-constantly
weighted shift operators. Motivated by these, this paper is devoted to further study the dynamical properties of general
weighted shift operators.
Let (X, ∥ · ∥) be a Banach space over the complex field C and D ⊂ X . Any element A of the set Dn = {x1x2 · · · xn : xi ∈
D,∀1 ≤ i ≤ n} is called n-words over D and the length of A is n, denoted by |A|. A word over D is any element of the set
∪n∈N Dn. Let A = a1 · · · an ∈ Dn and B = b1 · · · bm ∈ Dm. Denote AB = a1 · · · anb1 · · · bm ∈ Dn+m.
Our framework will be the weighted backward shift operator Bw : Σ(X) −→ Σ(X) defined by
Bw(c0, c1, . . .) = (w0c1,w1c2, . . .)
where Σ(X) = {(c0, c1, . . .) : ck ∈ X,∀k ≥ 0} and the weight sequence {wk : k ≥ 0} is a subset of C \ {0}. Similarly we
can define the backward shift operator σ : Σ(X) −→ Σ(X) as σ(c0, c1, . . .) = (c1, c2, . . .). LetΣ(X) be endowed with the
metric of the product topology,
ρ(x, y) =
∞
n=0
1
2n
∥xn − yn∥
1+ ∥xn − yn∥ .
It is easy to see that for any positive integer k and any c = (c0, c1, . . .) ∈ Σ(X),
Bkw(c) =

k−1
j=0
wj

· ck, . . . ,

k−1
j=0
wi+j

· ck+i, . . .

.
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Define the addition ‘‘+’’ and the scalar multiplication ‘‘·’’ inΣ(X) as follows:
(x+ y)i = xi + yi, (α · x)i = α · xi, x, y ∈ Σ(X), α ∈ C, i = 0, 1, . . . .
Clearly,
ρ(x, y) = ρ(x− y, 0).
It can be verified that Bw(α · x+ β · y) = α · Bw(x)+ β · Bw(y), ∀x, y ∈ Σ(X), α, β ∈ C, that is, the weighted shift operator
Bw is linear and (Σ(X), Bw) a linear dynamical system.
2. Uniform distributional chaos and the principal measure of shift operators
Let T be a continuous self-map on a metric space Y . For any pair (x, y) ∈ Y × Y and for each n ∈ N, the distributional
function F nxy : R+ −→ [0, 1] is defined by
F nxy(t) =
1
n
card{1 ≤ i ≤ n : ρ(T i(x), T i(y)) < t},
where card{A} denotes the cardinality of the set A. Define the lower and the upper distributional function generated by T
and (x, y) as
Fxy(t) = lim inf
n→∞ F
n
xy(t), and F
∗
xy(t) = lim sup
n→∞
F nxy(t)
respectively.
Definition 1 ([3]). A continuous map T : Y −→ Y on a metric space Y exhibits uniform distributional chaos if there exist an
uncountable subset Γ ⊂ Y and ϵ > 0 such that for any pair of distinct points x, y ∈ Γ , we have that F∗xy(t) = 1 for all t > 0
and Fxy(ϵ) = 0. The set Γ is called a distributional ϵ-scrambled set.
Theorem 2. The weighted shift operator Bw exhibits uniform distributional chaos.
Proof. Given any fixed unit element e ∈ X , let A = a1 · · · an ∈ {0, e}n. Denote A = a1 · · · an and call it the inverse of A,
where
ai =

0, if ai = e
e, if ai = 0, i = 1, 2, . . . , n.
LetL1 = 1, A1 = 0,Ln+1 = 2nLn and An+1 ∈ {0, e}Ln+1−Ln for n ≥ 1. Clearly |A1 · · · An| = Ln.
For any pair x = (x0, x1, x2, . . .), y = (y0, y1, y2, . . .) ∈ W := {(x0, x1, x2, . . .) : xi ∈ {0, e},∀i ≥ 0} ⊂ Σ(X), we denote
x ∼ y, if xn = yn holds only for finitely many n or if xm ≠ ym holds only for finitely many m. It is easy to check that ‘‘∼’’
is an equivalence relation on W . For each x ∈ W , the set {y ∈ W : y ∼ x} is countable and so the quotient set W/ ∼ is
uncountable asW is uncountable. Taking a representative in each equivalent class ofW/ ∼, we get an uncountable subset
E in W such that for any pair of distinct points x = (x0, x1, x2, . . .), y = (y0, y1, y2, . . .) ∈ E, xn = yn holds for infinitely
many n and xm ≠ ym holds for infinitely manym. Let us set
v0 = 1, vn = 1w0 · · ·wn−1 , n ≥ 1
and denote W = {x0x1x2 · · · : (x0, x1, x2, . . .) ∈ W }. Define respectively g : W −→ W and f : E −→ W by g(x) =
(v0x0, v1x1, v2x2, . . .) for each x = x0x1x2 · · · ∈ W and f (x) = D1D2D3 · · · for each x = (x0, x1, x2, . . .) ∈ E, where
Di =

Ai, if xi−1 = e
Ai, if xi−1 = 0, i ≥ 1.
Then we can define z : E −→ W as z = g ◦ f . Denote Γ = z(E) ⊂ Σ(X). Since E is uncountable and z is injective, Γ is
uncountable.
Now we assert that Γ is a distributional ϵ-scrambled set of Bw with ϵ = 12 .
Indeed, for any pair x, y ∈ Γ with x ≠ y, choosex = g−1(x) andy = g−1(y). Without loss of generality, we may assume
thatx = B1B2B3 . . . andy = C1C2C2 . . ., where Bi, Ci ∈ {Ai, Ai} for all i ≥ 1. According to the construction of E, we know that
there exist two sequences {mi}∞i=1, {ni}∞i=1 ⊂ N such that Bmi = Cmi and Bni = Cni for all i ≥ 1.
First, it is easy to see that the firstLmi − jwords of Bjw(x) and Bjw(y) coincide correspondingly forLmi−1 ≤ j ≤ Lmi2 , so
ρ(Bjw(x), B
j
w(y)) ≤
∞
n=Lmi−j
1
2n
≤
∞
n=Lmi2
1
2n
= 2−
Lmi
2 −1

.
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Thus for given t > 0, there exists some positive integer N such that for any i ≥ N and any Lmi−1 ≤ j ≤ Lmi2 ,
ρ(Bjw(x), B
j
w(y)) < t . Consequently,
F∗xy(t) = lim sup
n→∞
1
n
card{1 ≤ k ≤ n : ρ(Bkw(x), Bkw(y)) < t}
≥ lim sup
i→∞
1
Lmi
2
card

1 ≤ k ≤ Lmi
2
: ρ(Bkw(x), Bkw(y)) < t

≥ lim sup
i→∞
Lmi
2 −Lmi−1
Lmi
2
= lim sup
i→∞
2mi−1 − 2
2mi−1
= 1. (1)
Second, it is easy to see that w0 · · ·wj−1xj ≠ w0 · · ·wj−1yj ∈ {0, e} forLni−1 < j ≤ Lni , so
ρ(Bjw(x), B
j
w(y)) ≥
∥w0 · · ·wj−1xj −w0 · · ·wj−1yj∥
1+ ∥w0 · · ·wj−1xj −w0 · · ·wj−1yj∥ =
1
2
.
Thus
Fxy

1
2

= lim inf
n→∞
1
n
card

1 ≤ k ≤ n : ρ(Bkw(x), Bkw(y)) <
1
2

≤ lim inf
i→∞
1
Lni
card

1 ≤ k ≤ Lni : ρ(Bkw(x), Bkw(y)) <
1
2

≤ lim inf
i→∞
Lni−1
Lni
= lim inf
i→∞
1
2ni−1
= 0. (2)
Hence Bw is uniformly distributionally chaotic. 
In [4] it was proved that a continuous map T acting on a compact metric space X is distributionally chaotic if and only if
T n is distributionally chaotic for all integers n > 0. In fact, by a simple inference, we can obtain that a uniformly continuous
map T defined on ametric space is distributionally chaotic (or uniformly distributionally chaotic) if and only if for all integers
n > 0, T n is too. Applying this conclusion, it follows that the following holds obviously.
Theorem 3. For each positive integer n, Bnw is uniformly distributionally chaotic.
In [5] the principal measure of a system (X, f )was introduced:
µp(f ) = sup
x,y∈X
1
diamX
 +∞
0
F∗xy(t)− Fxy(t)dt.
It is a hard task to calculate this supremum; however, positiveness of µp(f ) may be used as a preliminary test for chaos.
This approach is more nice than that of topological entropy where (usually easier to calculate) upper bound does not help to
answerwhether the system is chaotic or not. In [6], Oprocha proved that the principalmeasure of an annihilation operator of
the unforced quantum harmonic oscillator is not less than 116 and said that it would be interesting to compute this quantity
in some other physical models. In [7], we obtained that this exact value is equal to 1. Now we shall show that the principal
measure of each weighted shift operator is also equal to 1.
Applying the notations in Theorem 2, let L1 = 1 and Ln+1 = 2nLn for n ≥ 1. Given any fixed integer N > 2, for each
integer k ≥ 1, choose
ξ(N, k) = N ·
L2k
j=0

1+ 1|wj|

.
For any fixed unit element e ∈ X , choose y(N) = (y(N)0 , y(N)1 , . . .) ∈ Σ(X) as follows:
y(N)i =

0, if i ≤ L1 or L2k < i ≤ L2k+1, k ∈ N,
ξ(N, k) · e, ifL2k−1 < i ≤ L2k, k ∈ N.
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First, similarly to the proof of Theorem 2, it is not difficult to check that
F∗y(N)0(t) = 1 for all t > 0. (3)
Second, for any L2k−1 < j ≤ L2k2 , let us assume that Bjw(y(N)) = (z0, z1, . . .), then zi =
y(N)j+i
wi...wi+j−1 for all i ≥ 0, combining
this with the choice of ξ(N, k), it follows that ∥zl∥ = ∥ ξ(N,k)wl...wl+j−1 e∥ ≥ N holds for any 0 ≤ l ≤
L2k
2 − 1, so
ρ(Bjw(y
(N)), Bjw(0)) ≥
L2k
2 −1
l=0
1
2l
∥zl − 0∥
1+ ∥zl − 0∥ ≥
L2k
2 −1
l=0
1
2l
N
1+ N =
2N
1+ N

1− 2−L2k2

→ 2N
1+ N
when k →∞. Therefore, there exists a positive integerM such that for any k ≥ M and anyL2k−1 ≤ j ≤ L2k2 ,
ρ(Bjw(y
(N)), Bjw(0)) ≥
2(N − 1)
N
.
Thus
Fy(N)0

2(N − 1)
N

= lim inf
n→∞
1
n
card

1 ≤ j ≤ n : ρ(Bjw(y(N)), Bjw(0)) <
2(N − 1)
N

≤ lim inf
k→∞
1
L2k
2
card

1 ≤ j ≤ L2k
2
: ρ(Bjw(y(N)), Bjw(0)) <
2(N − 1)
N

≤ lim inf
k→∞
L2k−1
L2k
2
= lim inf
k→∞
2
22k−1
= 0. (4)
In our case, applying (3) and (4), we have
1 ≥ µp(Bw) ≥ 12 supy(N),N≥2
 +∞
0
F∗y(N)0(t)− Fy(N)0(t)dt ≥ sup
N≥2
1
2
· 2(N − 1)
N
= 1
i.e., µp(Bw) = 1, which once again ensures us about the chaocity of the weighted shift operator.
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